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1. INTRODUCTION 
In studying finite linear groups of fixed degree over the complex field, it is 
convenient to restrict attention to irreducible, unimodular, and quasiprimitive 
groups. (For example, see [3], [9], and [12].) As is well known, any representa- 
tion is projectively equivalent to a unimodular one. Also., a representation 
which is not quasiprimitive is induced from a representation of a proper 
subgroup. (A quasiprimitive representation is one whose restriction to any 
normal subgroup is homogeneous, i.e., amultiple of one irreducible representa- 
tion of the subgroup.) Hence, these assumptions are not too restrictive. If 
one assumes also that the degree is an odd prime p, there is a natural division 
into cases, according to the order of a Sylow p-group P of such a group G. 
The following is known. 
(1) / P 1 = p. G is known for small values of p. See below. 
(2) 1 P j = p2. H ere G is G1 x 2, where 2 is the group of order p and 
G1 is a group from case (1). (See [3].) 
(3) 1 P 1 = p3. G is known only for small values of p. 
(4) [ P / = p4. Here P contains a subgroup Q of index p which is 
normal in G, and G/Q is isomorphic to a subgroup of SL(2,p), See [7] and 
[lo], independently. 
(5) 1 P 1 >p5. No such G exists. See [7] and [lo]. 
Our main theorem concerns the third case above. 
THEOREM 1. Suppose G is a jinite group with a faithful, irreducible, 
u&modular, and quasiprimitive representation of prime degree p > 5. If a 
* The results presented here are those of the author’s Ph.D. Thesis at the California 
Institute of Technology, 1972. 
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Sylow p-group P of G has order p3, then P is normal in G and G/? is ~~0~0~~~~~ 
to a subgroup of SL(2, p). 
It is well known that this theorem is false forp = 2 or 3. Counterexamples 
are provided by groups projectively equivalent to the alternating groups 
A, and A, , respectively. Combining Theorem 1 with the other results in the 
five cases cited above, we have the following conjecture of Feit /6]. 
THEOREM 2. Suppose G is a $nite group with a faithful, ~~~e~~ci~le a ad 
unimoaular complex representation of prime degree p > 5. Then p” does not 
divide the order of G/O,(G). 
Note that the quasiprimitivity condition is dropped in Theorem 2. 
sentations of prime degree which are not quasiprirnitive are monorni 
for monomial representations, the theorem is trivial. 
It is likely that Brauer conjectured all of the above when he wrote [3], 
although he was able to get full results only when i P j L- p”. Partial results 
in the other cases allowed him to classify all groups where p = 5. (The cases 
p = 2 or 3 are ciassical, as are groups of degree 4. See [I].) Using Brauer’s 
general approach, Wales was able to handle the case p = 7 in three papers, 
[12-141. It is clear from the amount of work involved in these that full 
results for primes > 11 will be very difficult without further techniques. 
Lindsey [9] has used some of these same ideas in his classification of groups 
Using entirely different special methods, Feit has settled the 
case p = 11 when the character of degree 11 is rational-val 
The general method for the cases ] P 1 3 p3 used by both 
was to show P was not too large, and then handle each case arithmetically. 
Feit and Lindsey have now settled the case I P i > $4 in general. With 
Theorem 1, only the case 1 P / = p remains unsolved. 
The following result, which is used in the proof of Theorem 1, is of 
independent interest. 
TErEOREM 3. Suppose G is a finite group with a Sytow p-group P satisfying 
If G has a faithful complex representation of degree d with 
a’ < (I P 1 - 1)2/s, 
then P is raormal in G. 
Leonard LS] has proved a theorem like Theorem 3 under a considerably 
288 DAVID A. SIBLEY 
stronger bound on a’. Brauer and Leonard have shown [4] that under the 
weaker hypothesis 
for all x # 1 in P, 
the bound 
d < (I P j - 1)1/Z 
forces P normal in G. Both this result and Theorem 3 are sharp, in the sense 
that if we replace d by d - 1 in the inequalities, the results are false. Counter- 
examples are SL(2, 5) and PSL(2, 5) withp = 5. However, a more reasonable 
bound in both cases might be 
d < i (I P I - l), 
which would be sharp infinitely often. The techniques used to prove Theorem 
3 can be refined to yield bounds of the form 
d -=c (l/34(1 P I - 11, 
where m is a certain integer depending only on j P j, but this result is not 
needed here. 
Our notation is fairly standard. If G is a finite group with a subgroup H, 
then N,(H), C,(H), and Z(G) d eno t e, respectively, the normalizer in G of H, 
the centralizer in G of H, and the center of G. If p is a prime number, O@(G) 
denotes the smallest normal subgroup of G whose quotient has order prime 
to p. Equivalently, it is the subgroup of G generated by all elements of G 
whose order is a power of p. If x E G has order a power of p, we call x a 
p-element, while if x has order prime to p, we say x is a $-element, or call 
x p-regular. 1 G j denotes the order of G. 
We will use the term character only for characters of complex representa- 
tions, while the term generalized character will be used for the difference 
of two characters. If 6J and 0a are two class functions on G, we have the usual 
inner product 
2. PROOF OF THEOREM 3 
Brauer and Leonard [4] have considered the character theory of finite 
groups G with a Sylow p-group P which satisfies 
C&) = G(P), for all x # 1 in P. 
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Throughout this thesis, we will be interested in a special case of these results; 
namely, when P satisfies the stronger condition 
for all x # I in P. (3) 
In this case, P is an abelian group and N = 1\l;,(P) is a Frobenius group with 
Frobenius kernel B. 
The character theory for N itself is well known. Let s = / N/P / and 
lis = j P j - 1: so that t is an integer. There are s1 irreducible characters, 
Xl < s, 
IN = e, )..., es1 
whose kernels all contain f, and t irreducible characters 
x 4 1 ,...> 
which are faithful on N. These faithful characters are induced from non- 
principal linear characters of P. In particular, their degrees are all j N/P 1 = S, 
andifgEP?-- P,then 
0 = h,(g) = --a = A,(g)* 
and 
The results of Brauer and Leonard show that G has a similar character 
theory. The integers s and t are as above: s = / N/P 1, and TV = / P j - I. 
There are 1 irreducible characters, 1 < s, 
called ordinary characters of G, 2nd t irreducible characters 
called exceptional characters of G. These two sets of characters constitute 
exactly those characters of G which do not vanish on the nonidentity elements 
of P, and exactly those whose degrees are not divisible by j P II There are 
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nonzero integers b, ,.. ., b, , an integer Y, and a sign 6 = +l, such that, for 
x f 1 in P, 
A,(l) = Y + 8s (mod j P I), for 1 <k <t. 
If g E G has order prime to p, then 
4(g) = .‘. = 4(g), 
and this common value is an integer. We have 
In particular, each j b, j < p. 
When t = 1, the exceptional character is indistinguishable from the 
ordinary characters, so all mention of exceptional characters is omitted in 
this case. 
We are now ready to begin the proof of Theorem 3, which we restate as 
follows. 
PROPOSITION 1. Suppose G is a jinite group containing a Sylow p-group P 
which satis$es 
G(x) = p, for all x # 1 ilz P. 
Suppose also that G has a faithful representation of degree d with 
d ,< g (I P] - 1). 
Then one of the following holds. 
(i) P is normal in G. 
(ii) t2 < s, where s = j No(P)/P / and st = [ P 1 - 1. 
It is easy to show that Proposition 1 implies Theorem 3. If G satisfies the 
hypotheses of Theorem 3, then G satisfies the hypotheses of Proposition 1, 
and if 1 P 1 > 3, the degree d given for G by Theorem 3 is less than 
+([ P ( - 1). Let qrn be any nonexceptional constituent of the character x 
of degree d. Since ~~(1) < $( 1 P j - 1) and ~~(1) = e, 1 P 1 + b, , for 
integer e, and 1 b, / <p, we must have e, = 0, so P is contained in the 
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kernel of qrn . Thus, as x is faithful, it must have some exceptional constituent 
A. We have 
s < A(1) < x(1) = d < (I P j - 1)2/a = (St)‘P 
That is, sa < s2t2, so s < P, contrary to (ii). Hence, (i) holds, proving Theorem 
3 from Proposition B. 
Before proving Proposition 1, we need two lemmas concerning class 
multiplication in LV. 
&WfA 1. Suppose that G satisjes the hypotheses oj ~yo~ositio~ 1, and 
that P is not contained in any proper normal subgroup of G. 1s there are three 
(not necessarily distilzct) classes Ki , Kj ) Ki, of N -= N,(P) colzsisfing of 
nonidentity p-elements of N whose associated class m~~tip~~cat~on constant 
aijk fop. N satisfies 
fog some positive integer n, then ((n - I)t)” < s. 
Proof. The given faithful representation of G must have an exceptional 
character as a constituent. By a theorem of Leonard 181, it has degree S, and 
the restriction of any exceptional character of G to .N remains irreducible. 
Let gi , gj , g, be elements of Ki , Kj , Kk , respectively, and define 
where the sum C’ is over all exceptional characters A of G, or, equivalently, 
of N. We have 
where the sum C” is over all nonexceptional irreducible characters 8 of AI. 
As aijff < (5 - n)/t, we get 
Now nT controls fusion of its p-elements with respecl: to 6, so there is a 
class multiplication constant aijk for G associated with aijk . 
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Hence, 
Since P is contained in no proper normal subgroup of 6, we see that 
b, = v,(l) holds only for m = 1, i.e., only for the principal character q1 . 
Thus, if m # 1, ~~(1) >, 1 P j - 1 = st. Note that as Y = 0, we have 
C bm2 = s. Let B denote the maximum positive value among all the b, . 
Then 
IPI s--y+--) Q-p+1, 
s2t - (st + l)(s - n) < c b,a + st, 
nz#l 
St - St - s + nst + n < SB + st, 
As B is an integer, and 0 < n < s, (n - 1)t < B. But 2 bm2 = s, and B is 
some b, , so ((n - 1)t)a < s. It is easy to see that this last inequality is strict. 
COROLLARY. With the above notation, some b, > (n - l)t. 
LEMMA 2. The integer n in Lemma 1 may be taken to be at least 2. 
Proof. Let Kl ,..., Kt be the classes of nonidentity p-elements of N, and 
K0 the class of the identity. For each i = l,..., t, let i’ be the subscript of the 
class consisting of elements which are the inverses of elements in Ki . Then 
for fixed i # 0, 
s2 = 1 Ki I2 = i aiitk 1 K* I + ati’, j K. I 
k=l 
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so that 
t 
s-2 - s = C aiilks, 
k-l 
t 
s - 1 = c ai& I 
k4 
Thus, wme aiirk < (s - 1)/t. If i’ # j, then 
Hence, some such aijg < s. 
Now suppose by way of contradiction, that ail aijlc > (s - 1)/t, for all ;, 
j, k = 1, Ii?,..., t. By the above calculations, we must have 
a&k = (s - 1)/t, for all i, k = I,,.., t, 
aijk = (s - 1)/t for t - 1 values of K, 
= (s - 1 + t)/t for I value of k, if 1,’ # j. 
Note t divides s - 1 here, as aigk is an integer. We will show that this situation 
can occur only when t is I or 2, contrary to s < d < $ (1 P ] - 1). 
Let h be a faithful character of iV, and w the corresponding representation of 
the center of the group algebra of N: 
As t # 1, there is some j # i’, so we may write 
= - q- + X(g,J 
481/3+-4 
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Here we have chosen g, E Kz , for all k, and gij in the unique class for which 
aiik has the distinguished value. We also have 
-- 
h(g,) A@,) = w(G) 4%) = 5 aitw(K,) + SW(~) 
fal 
= q g1 uc) + s 
s-l =s--. 
t (3) 
Combining (2) and (3) for i’ #:j, we find 
( 
s-12 
s - __ t 1 = Qi> Ui) JY&> x&> 
= 
( - q + h(g,,,j(- q the). 
Setting x = h(g& this is 
( 
s-l 2 
1 i 
s-l 
I( 
s- 1 s--- = x--- 
t t 
x---.-.-, 
t 1 
s2 - 2s ~+(~)z=31a-(X+~)~+(~)z 
s-l zs---(x+8)q+(+)2. 
t 
Thus, 
9-s= + (-1 - (x + x) + 2s). 
As s # 1 (otherwise G = P follows trivially), 
s = (l/t)(-1 - (x + a) + 2s), 
ts - 2s + 1 = -(x + 55). 
Now t > 2, so this is positive. Since ( x + z j < 2 1 x 1, we have 
(t - 2) s + 1 = ts - 2s + 1 < 2 (s - +)1’s < 2.W. 
But t - 2 > 1, so 
s -=I 2w > s < 4. 
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Thus, s = 1, 2, or 3, and since t divides s - 1, we have t = 1 or 2, or else 
s = 1, none of which are allowed. This completes the proof of Lemma 2. 
Finally, we prove Proposition 1. Suppose G is a counterexample of minimal 
y Lemmas 1 and 2 together, we have t” < s unless is contained 
in a proper normal subgroup of G. As G is a counterexample, the latter is true. 
But the given faithful character of G is still faithful when restricted to the 
normal subgroup El, so Ip satisfies the hypotheses of the Proposition. As 
j H j < 1 G j> we have P normal in H, and so characteristic in 66, whence P 
is normal in 6. Proposition 1 is proved. 
Brauer [3] has shown that the situation described in Proposition 1 arises 
naturally in the study of finite linear grops of prime degree. In particular, 
suppose G is a group satisfying the hypotheses of Theorem 1. Then Z(G) = 
) is cyclic of order p, and a Sylow p-group p of G = G/Z(G) satisfies (1). 
rice, all of the character theory described at the beginning of this chapter 
applies to G, and so to G. Furthermore, if x is the given character of degreep, 
then we have one of only two cases. 
Gae I. ~17 has norm 2. That is, x;3 = y1 + ‘pa , where q~r is the principal 
character of G, and q2 is some ordinary irreducible character of Gj and so of 6. 
Case II. xx has norm 1 + t. Here we have 
where C’ denotes the sum over all exceptional characters fl of G* 
Notice that when t = 1, the two cases are indistinguishable. Aiso, if 
t # 1,2, then in Case II, G/kern satisfies the hypotheses of Proposition 1. 
Now suppose that G is a counterexample to the Theorem of minimal order. 
From Wales [12], we have that G is simple, so ker /d is the trivial group. 
Hence, in Case II, we must have t2 < s or t = 1 or 2. In fact, the former 
always holds except forp = 2, a case we are not discussing. In Section 3 we will 
prove a similar result (Lemma 14) for a minimal counterexample in Case I, 
namely, the proposition. 
PROPOSITION 2. suppose G is a counterexamp~e to ?%eorem 1 of ~~n~~~~ 
order, and suppose Case I holds for G. If p 3 7, then (t - 11)* < s. 
Groups satisfying the hypotheses of Theorem 1 are all known for p < 7, 
and Theorem 1 is true here. We may assume, then, that in all cases 
(t - I)” < s. We now show that this severely limits the possibilities for p, 
s and t. 
As usual, we let N = N,(P), so E = N,-(P). ere P is the elementary -- 
abelian grou rder pa, and so we have NIP being isomorphic to a subgroup 
of GL(2, p), 
- -. ever, since N/P IS N/P, and Z(P) is in the center of AT, this 
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is actually a subgroup of SL(2, p). The subgroups of SL(2,p) of order prime 
to p are easily described. For each of these, we get information about s, and 
so about t, as (t - 1)” < s. From this we then find information about p. 
These results are summarized in the following table. 
iv/P s t P 
(a) Has a cyclic subgroup s<2p+2 t > $(p - 1) p < 13 
of index at most 2. 
(b) SL(2, 3) s = 24 tg5 p < 11 
(4 $4 s = 48 tg7 p < 17 
(4 SL(2,5) s = 120 t < 11 p < 31 
Case (a) is computed as follows. Since s < 2p + 2 and st = j P j - 1 = 
p2 - 1, we must have t > + (p - 1). Now as (t - 1)2 < s, we have 
(“-“) 
2 
- <2*+2, 2 
or 
p= - 14p + 1 < 0, 
so p < 14. Asp is an integer, p < 13. 
The remaining cases are all computed by the same method. We do case (d) 
as an example. As s = 120 and (t - 1)2 < s, we get t < 11. Thus, p2 - 1 = 
st < 120 x 11 = 1320. Hence,p2 < 372 = 1369. Sincepis a prime,* < 31. 
The values of p, s, and t occurring in the above list will be considered in 
the last chapter, where we will show that they do not occur for the group G. 
That is, no minimal counterexample to Theorem 1 exists, so Theorem 1 is true. 
3. CHARACTER THEORY FOR A COUNTEREXAMPLE TO THEOREM I 
Throughout this chapter, we will assume G is a counterexample to Theorem 
1 of minimal order. In particular, as was mentioned in Section 2, we have 
G = G/Z(G) a simple group, and the character theory described at the 
beginning of Section 2 applies toe. Wewill use the notation introduced there, 
and will sometimes consider characters of G as characters of G, without 
changing this notation. We begin by investigating the characters of N = N,(P) 
more thoroughly. Let [ denote the sum of the distinct faithful irreducible 
characters of m. We will let 2 = Z(G) = Z(P). 
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The class function 5 defined by 
4x4 = P2, if x is a noncentral $-element, 
zzz 0, otherwise, 
is a generalized character of G, and, in fact, 
rn=l k=i 
(Brauer and Leonard [4]). 
hWVIA 3. Let 8 be a character of n such that 
e(1) = np2 - n, some positive integer n, 
d(x) = --n, all x f T in P. 
Then 0 = n[. In particular, O(g) = 0 ifg E 27 - P. 
Proof. Clearly, 0 1 P is n times the sum of al! nonprincipal irreducible 
characters of p. Hence, 0 is a sum of faithful characters of g. Since B is 
constant on nonidentity elements of F, the result follows. 
Lmnx.4 4. xx 1 N = Ol + E. In particular, i x(x)/ = 1, g x E N - P. 
J+OQf. x2 I N = (x I wa I w so 0, is a constituent. Define the character 
bY 
xjj j N = 01 $ @~ 
e note that Z _C ker xx, so xx can be considered a character of x. Since 
x(x) = 0 for x E P - 2, we have 
Q(l) =pa - 1, 
Q(x) = -1, for x # T in P. 
By Lemma 3, di = $. 
LEMMA 5. Let 0 be an irreducible character of N such. that Z g ker 8. 
Then there is a conjugate x0 of x such that x = ~0 on p-regular elements of A’, 
and ala kedzlcible character Bi of N/P such that 0 = O& j N). 
Proof. We enumerate the characters of N. First, we show that if xp is a 
conjugate of x, and Bi is irreducible for N/P, then Bi@ j N) is ~r~ed~~~b~e. 
29% DAVID A. SIBLEY 
We have 
Now (O,& , 0,) = 1, and since Bio6 has P in its kernel, but no constituent of f 
does, (0,ei , E) = 0. H ence, 0,(x0 1 N) has norm 1 and so is irreducible. 
Now x hasp - 1 distinct conjugates ~0 which agree with x on all p-regular 
elements of G. Thus, our contribution to the sum of the squares of the 
irreducible degrees so far is 
$$ W>” + iI ul)2 + (P - l)<$ P(l) x(l))” 
= s + ts2 $ (p - 1) spa 
= s + (p” - 1) s + (P - 1) SP2 
= s(p2 + p3 - p”) = sp3 = 1 N I. 
Hence, we have all the irreducible characters of N in this way. The Lemma is 
proved. 
Let X’ and X” denote the symmetric and skew-symmetric tensor constituents 
of x2. 
x’(g) = t (x(g)” + Xk”))? 
x”(g) = ii (x(g)” - Xk”>)> for all g E G. 
These are characters of G. Since X’ and X* have no constituents with Z in their 
kernels, there are characters 0’ and 8” of N/P such that 
x’ I N = d’(x” I W 
x” 1 N = e”(x” 1 N), 
for an appropriate conjugate XQ of x. Note that 0’ and 8” need not be irreducible 
Also, e’(l) = + (p + 1) and W’(1) = 4 (p - 1). 
LEMMA 6. Ifs is even, 6’ and 0” have no common constituents. 
Proof. Let x E N, x2 = 1, x # 1. Then 
P = x(l) = x(4 = (x’ - x%4 
= (e’ - q(x) (p(x)) 
= -J(O’ - P)(x), 
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so 
p = / B’(x) - B”(x)/ < j B’(x)j + J S”(x)/ 
<P+l P--lzp \Yy-+-Tj- . 
This forces representations affording 8’ and 8” to represent x as I in one case 
and --I in the other (of appropriate sizes). They can have no common 
constituents. 
We will next construct a generalized character of G and apply the character 
theory so far developed. Suppose 7~ is any generalized character of 6;. Define 
a class function 7j0 by 
%I(4 = 77(%)1 for all x E 6; 
where x0 denotes the p-regular part of x. It follows from. Brauer’s characteriza- 
tion of characters that q,, is again a generalized character of 6, and in fact, 
of G. We will be interested in x0, x0’? xi , and xo2. Note that -we have that 
xo2 = XT + 5, 
as x is real on p-regular elements (Wales [12]). 
LEA4IvIA 7. Suppose T and p aye generalized characters of G, and X is a 
nonpGacipal linear character of 2. Assume that for all ~~~e~~~‘~~e characters 
X of 6, whenever (q, X) # 0 OY (p, X) + 0 we hawe X 1 Z = X(1)X. Then 
l’roof. Let R denote the set of p-regular elements of 6, and S the set of 
noncentral p-elements of G. We put 1 E R. Let h be an irreducible constituent 
of 77 j Z. Note that 7 and p vanish on P - Z. Write 
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But this is just 
as required. 
We will denote xs’ - xi by xz. Note that xz - x0 has degree 0. 
LEMMA 8. x0 has norm 1 + t. If xx has norm 2, then x2 - x0 has norm 3. 
Proof. Apply Lemma 7. Note that x’ and x” are irreducible when xx has 
norm 2, and x is not conjugate to either of them, as p > 3. 
When xii has norm 2, we will choose our notation so that xx = v1 + ~~ .
Choose a conjugate x0 of x such that x,,” = x0 and x0x2 has 2 in its kernel. 
LEMMA 9. Suppose s is even and 17 is an irreducible character of G such that 
(7, x”x’), (rl, x0x”) > 1. 
Then 7 [ iV has only exceptional characters as constituents. 
Proof. Note first that 
Similarly, x”x” = 0” + &(p - 1)E. By Lemma 6, 8’ and 0” have no common 
constituents. 
LEMMA 10. We have t # 1. 
Proof. If t = 1, s = p2 - 1, and so s is even, Since e is simple. it has 
no nonprincipal characters of degree <p, for such a character would have 
P in its kernel. Thus, x0 = ol, - Us , for irreducibles 01~ of G. Now 
(x”x’, x0) = 1, as 
(X3!> x0) = (x’, 17”xo) = (x’, x3 = 1, 
and, similarly, (x”x”, x0) = 1. It follows that 
(x0x’, 4, (x0x”, %> z 1. 
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y Lemma 9, CQ, j N = nt, for some integer n. Note that 
here. That is, al(l) = np2 - n, and CXJX) = --n, for x E 
c~a(l) = rqP - n - p and ol&) = --n - p, for x E P - 2’. This is contrary 
to / CQ(X)/ <p. proving the lemma. 
LEMMA 11. 91 is not a cOnShh?nt of& - x0 %Jxx has norm 2. 
Prooj. Assume the contrary. (x2 - x0 , x02) = 0 kg7 Lemma 5, However, 
k2 - x0 7 xo2) = (x2 - x0 ) x2 + 5) = (x2 - x0 > xx> 
= (x2 - x0 , ?J1+ 9321” 
Thus, (x2 - x0 2~2> = (x2 - x0 p -33). Hence, (x2 - x0 p 74 = 33, ad 
(xs - x0 ) p’%) is its negative. Since we have three constituents in xX - x0 ) 
there is only one left, say v. Then cp(l) =pa - 2, and Y(X) = -2, for 
x E P - Z. By Lemma 3, (cp + q~r)j N h as only exceptional constituents. 
This is a contradiction, since 0, is obviously a constituent, and is not 
exceptional. 
J~,ERIJ!&% 12. x0 has no exceptional constituents ifxz has nom 2, 
Proof. Suppose the contrary. As x0 is constant on P -- Z, ah i exception& 
d, have the same multiplicity in x0 . As x0 has norm 1 $ t, we must have 
for some irreducible q~ for G. Note v # vI . 
Suppose first that s is odd. Then t is even, so 
is odd. Hence, (yl , x8) = (yl, x0’ - $) is also odd. Since (yr , x0) = 0, 
we have (vI , x2 - x0) odd, and so not zero. This contradicts Lemma d 1. 
Hence, we may assume s is even. In this case, each exceptional fl, is 
real-valued. For any character 7 of G, let ~(7) = (yl , $), where $x) = q(x2)* 
(For the properties of the function v, see Feit [5]> for instance.) 
fO = xa . If 7 is real and irreducible, then v(v) = 51. Other 
for irreducible 7. Now, from Lemma 11 
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Since v(fl,) is nonzero and independent of k, we have 
This shows that t = 1, contrary to Lemma 10. The lemma is proved. 
LEMMA 13. If xx has norm 2, either 
(i) rt - 6 is even. In particular, t is odd and s is even, and r is not xeyo. 
(ii) t=2andp<5. 
Proof. Suppose rt - 8 is odd and xz - x0 has no exceptional constituents. 
Then for any k, 1 < k < t, 
rt - 6 = @4x, l) = (fl, , x2 + 5) 
= (4 7 x,“) = (4 3 x; + xi> 
is odd. Hence, (& , x0’ - x”) is odd, and so not zero. Since @lk , xa - x0) = 0, 
we have fl, a constituent of x0 , contrary to Lemma 12. 
Now suppose xa - x0 has some exceptional constituent. Since xz - x0 is 
constant on P - 2, all exceptionals have equal multiplicity in xz - x0 . As 
this character has norm 3 and degree 0, there are at most 2 exceptionals. That 
is, t = 2. Since 3 = 1 + t = (qi , x,,~) is odd, we can show in the usual 
way that (vl , x0) # 0. For an appropriate conjugate x0 of X, Lemma 7 shows 
(x0 1 x02) = (x7 (x”12) + Pt = Pt = (x0 2 1;). 
Hence, (x0 , XX) = (x0 , xo2 - &‘) = 0, so that v2 is a constituent of x0 , and 
its multiplicity is the negative of the multiplicity of vi in x0 . As x0 has norm 
1 + t = 3, there is only one other constituent of x0 . It has degreep2 & p - 2, 
but pa - p - 2 would be an ordinary degree with corresponding b, = 
-p - 2, contrary to 1 b, 1 <p. Hence, we have a character of G of degree 
p2 + p - 2. This must be an ordinary degree with corresponding value of 
b, beingp - 2. Now 
&(p” - 1) = s > C bm2 > (p - 2)2. 
vn 
Thus, p < 7, sop < 5, as required. 
LEMMA 14. We have 
(pm , x0) = [+$I or [+] + 1, 
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where spare brachets denote the “greatest integer” function. If ~2 has a~o~rn 2 
“a~dp37,then(~,,~~)=Oand(t-l)~~~. 
ooj. A calculation similar to that of Lemma 7 shows 
(Pxo - 5, Pxo - i) = (Px, Px> = P”- 
Thus, 
hn 9 Pxo - 0” G P2s 
and equality holds only if pxs - 5 = ppl, . owever, equality would then 
irmply ~~(1) = p, which is not the case. Hence, 
so that 
proving the first statement. 
To prove the last statement, consider 
i (Ak I Pxo - I)” G P2* 
k=l 
As above, equality cannot hold. Note that 
Vk 2 Pxo - i> = +k ) i) = --rt -I- 6, 
by Lemma 12. As Y # 0, we have / rt - 6 / 3 t - 1, whence t(t - l)z 
is Iess than pa. This implies (t - 1)2 < s. 
To prove the remaining statement, note that (t - 1)2 < $ forces t < pI 
and we know b, = 1. Hence, (aI , x,,) = 0 or 1. Say it is I. 
(T~ , x2 - x0) = 0, so (vl , x2> = -1. However, (vr s xo2) = 1 + t is an even 
integer, so -1 = (yr , x2) must be even, a contradiction. 
This lemma immediately implies Proposition 2 of Section 2. 
h?MMA 15. x is rational-valued on p-regular elements of G. 
Proof. Suppose not. By a theorem of Wales [12], x is real-valued on 
lar elements, and we have Case I. As x is not rational on p’-elements, 
there is a Ga!ois automorphism 7 of the field of j G /th roots of 1 such that 
x7 f XT 
f / P = x / P. 
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Again by the results of Wales [12], XT is irreducible, and real-valued. We 
choose our notation so that xx = Q+ + qz , as usual. Note that x’ and x” are 
irreducible, and 
(x2, (XT)“> = (XR, XT) = 1. 
Thus, exactly one of x’ or X’ is fixed by G-. 
It is trivial to show x0 - x,,’ has norm 2. Say 
x0 - x0’ = “1 - % 3 
where 01~ and 01~ are irreducible. Now 
(x”x’, x0> = (x’, n”x0) = (x’, x”) = 1, 
and similarly, (x0x”, x0) = 1 also. We have 
(X0X’> x0? = (x’, X0x0’) = (x’, xx’) = 0, 
as x’ and xx’ are irreducible. Similarly, (x0x”, xo7) = 0. Thus, 
(x”x’2 x0 - x0? = (x0x”, x0 - x07 = 1. 
In particular, both (x”x’, ar) and (x0x”, al) are at least 1. Hence, 01~ 1N 
consists of faithful characters of x by Lemma 9, for s is even by Lemma 13. 
From Lemma 12, a1 is not an exceptional character, so it is constant on 
P - 2. Thus, a1 / N = nc, for some positive integer n. We have al(l) = 
np2 - n and 01r(x) = --n, for all x E P - 2. As x0 - x0’ vanishes on P, 
~~(1) = npa - n and C+(X) = --n, for all x E P - 2, also, Thus, 01~ / N2 = nt, 
by Lemma 3. In particular, (01~ - as)/ N = (x0 - xoT)\ N = 0. 
Now (xs - x0 , x0 - x0’) = 1 from Lemma 7, so either 01~ or 01~ occurs 
in x2 - x0 . Furthermore, 
(x2 - x0 T XT) = (x2 - x0 3 XT + 0 = (x2 - x0 > (xoT)2) 
= (x’ - x” - x”, (x’)“) = fl 
as exactly one of x’, X” is fixed by 7. Since y, is not a constituent of x2 - x0 , 
we must have that 9,~ is, 
We show next that neither of 01 r , 01~ is ~a’. In fact, if one is, then x0 has a 
conjugate-q,P of v2 as a constituent. Now, as p > 3, 
(x0 5 XT? = (xs (x9”) = 0, 
by a calculation similar to that of Lemma 7. This forces v1 also to be a 
constituent of x0 , contrary to Lemma 14. 
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Hence, x2 - x0 has two distinct constituents whose restrictions to N are 
multipIes of 5. It follows from Lemma 3 that the third constituent is also a 
multiple of 8 when restricted to N. Thus, (x2 - x0)/ N = ut as s is even, 
N contains an involution x not in the kernel of x. Thus, 
a contradiction. This completes the proof. 
Lemma 15 limits the prime divisors of G, by a theorem of Schur ill]. 
The following consequence will be very helpful in Section 4. 
LEMMA 16. Suppose q is a prime, q > $(p + 3), p f q. Sj q divides the 
order of 6, then there is an integer m, 1 ,< m < i(p + 1) such &at mp = i 
(mod (a>. 1~ particular, if either q > p OY Case I holds, then q does not divide the 
order of G. 
PYOOf. y Lemma 15, x is rational on p-regular elements. In particular, 
if Q is a Sylow q-group of G, then x / Q is rational. Setting j Q j = q”, a 
theorem of Schur [I I] tells us 
where square brackets denote the greatest integer function In particular, if 
q > p, then q does not divide the order of G. If q <p, ‘we see that q divides 
the order of G at most to the first power. Thus, Brauer’s theory [Z] applies. Let 
C,(Q) = Q x v x z. 
To each q-block p of G of full q-defect, there corresponds a character 01 of V 
and a positive integer 7, where 01 has 7 distinct conjugates a: = or ,.,., a, , 
under the action of NJQ). Let Ai, i = I,..., q - 1, denote the distinct 
nonprincipal linear characters of Q, and p the regular representation of Q. 
Each irreducible character in ,B has one of the following forms, 
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when restricted to Q x V. Here 7 is some character of V which may be 
different for each character in /3, and may be 0. Also, c’ is a certain Gauss 
sum. Characters of type (c) are called exceptional, and are similar to the 
exceptional characters introduced in Section 2. Only characters which are 
irrational on Q are considered to be exceptional, for the rational case must 
correspond to either type (a) or (b). 
We first consider x ](Q x V). Since x is rational on p-regular elements, 
x ] Q is rational, so we have case (a) or (b). A character of type (b) has degree 
(4 - 1) 4) + P?(l)~ 
which cannot equal p, according to our assumptions on 4. Hence, x is of type 
(a), and v has degree 1. Let 
We have shown 
xI(Q x V = W+m 
Note that r is rational valued, as x is. 
Now consider the symmetric and skew-symmetric tensor constituents 
of 2s. Since, for any g E G, 
x’(g) = 4 (XW + x(g% 
x”(g) = 4 (x”(g) - xk”h 
we calculate that, for g E Q x V, 
x’(g) = L2RY) + i (4 - 1) Pr12k) + m’(g) + Pm), 
x”(g) = W”(g) + 6 (!7 - 1) m2k) + m”(g) + PrlKd- 
Since r is rational-valued, either r’ or r” has lV as a constituent. Hence, 
either x’ or x” has a term lolV which does not come from a character of G 
of zero p-defect. The character 9 of G corresponding to this term must then 
be of type (a). It cannot be the principal character of G, for x is not rational- 
valued on P. That is, 93 is a faithful character of G whose degree satisfies 
~41) = 1 (mod 4, P I vu>7 
VU) G HP” + P>* 
This proves the first statement. 
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Now suppose ~2 has norm 2. As we have seen, x1 and 2’ must be irreducible 
in this case, so CP is one of them. In particular, v has degree $(ps f p), an 
either r’ or P is ~1 V , This forces 01 to have degree 1 o Since q(l) = I (mod q), 
we must also have 7 = I. Hence, x has degree 
p = x(1) = (q - 1) TU(l) + grl(l) = 2q - 1, 
so that q = 4 (p + l), contrary to assumption. This shows that 4 does not 
divide the order of G. 
hwv~A 17. In either Case I OY Case iI, x,, has no e~cept~omal characters 
as constituents. 
l”p.oof. If Case I holds, this is just Lemma 12. Suppose Case II holds. 
Since x0 is constant on P - Z, all exceptional characters have the same 
multiplicity in x0. Ely Lemma 8, x0 has norm 1 + t, so we must have 
+x0 = ,‘: Ak - Yn s 
k=l 
for some n. The A, all have degree s, so equating degrees, 
That is, 
+p = st - qn(l) =pa - 1 - pi,(l). 
and 
941) =P2 - 1 IkP 
6, = &tp - 1. 
utb,=--p-liscontraryto~b,j<p,sowehaveb,==p-l1.Now 
t # 1 by Lemma 10, so t 3 2, whence 
g(pz - 1) 2 .s 3 C b,m2 > bna = (p - II2 
?n 
=p”-2p + 1. 
From this it follows that p < 3, contrary to hypothesis. This proves the 
lemma. 
Let q denote a generalized character of G whose degree is divisible by p, 
and let X be a nonprincipal linear character of 2. Define the class function 
+ bY 
?7”(4 = Thl) &J, unless x a noncentral a-element, 
= 0, x a noncentral p-element, 
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where x,, denotes the p-regular part of x, and x, the p-part. Note that if 
(x I Z 4~ # 0, then (xOY = x. B rauer’s characterization of characters shows 
that, in general, 7” is a generalized character of G. 
LEMMA 18. Suppose 17 is an irreducible character of G of zero p-defect 
(i.e., degree divisible by p”), and ql is a generalized character of e whose degree 
is divisible by p. Let X be a nonprincipal character of Z. Then 
(i) $ is an irreducible character of G, 
6) WY rlla) = h 4. 
Proof. Both parts follow from a calculation similar to the one used to 
prove Lemma 7. Note that both q and $ vanish on noncentral p-elements. 
LEMMA 19. x0 has no constituents of zero defect for G. 
Proof. Suppose, by way of contradiction, that q is an irreducible con- 
stituent of x0 of zero defect. Write 
x0 = nrl + Tl, 
where (17, yl) = 0. Choose a character h of 2 so that (~,)a = x. Now 
x = (xoY = h + rlJa = qA + r)?. 
As x is irreducible and has degreep, (x, $) = 0. Thus, we have (r)“, Q”) # 0, 
contrary to Lemma 20. 
LEMMA 20. All constituents of x0 are ordinary characters of ~7’. 
Proof. This is an immediate consequence of Lemmas 17 and 19. 
In view of this lemma, we may define the integers a, by 
x0 =Cadh. 
m 
LEMMA 21. IVe have 
6) am = VMpl or Pmt/Pl + 1, f or each m. In particular, each term 
arnbm is nonnegative. 
(ii) L am2 = 1 + t. 
(iii) Cm a,& = p. 
Proof. Part (i) is Lemma 14. Part (ii) follows from (x0 , x0) = I + t, which 
is Lemma 8. Part (iii) may be proved by observing that, as 5 vanishes off 
P - z, 
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m the one hand, while 
on the other. 
4. NUIWRICAL RESULTS 
In this Section, we use the results of Section 3 to investigate the minimal 
counterexample G to Theorem 1. From Section 2, we see that p ,< 31, and 
the values of s and t are quite restricted. We treat ,the possibilities for p 
individually. First note that Theorem 1 is proved for p = 5 and 7 in [3] and 
. We may assumep 3 11. 
LEMMA 22. We havep # 11. 
P~OQJ First, say Case I holds. By Lemma 13, t is od.d, and by Lemma 10, 
t # 1. As t divides pz - 1 = 120, we must have t = 3 or 5. If t = 3, then 
s = 40, but SL(2, 11) has no subgroup of this order. Hence, t = 5, and 
s = 24. 
From the proof of Lemma 14, we have 
121 = pa > t(rt - S)2 = 5(5r - cs)“, 
whence j 5~ - 6 j < 4. As r f 0, we have r = 6. Furthermore, 
so that 
25 = s + 1 = C bm2 + (t - 1) r2 + (r - Sjz 
= 2 bm2 + : 
m 
and 
Now, Lemma 21 shows 
z am2 = 1 + t = 6, 
Cambm =p = 11, 
nz 
with each term ambm > 0. 
310 DAVID A. SIBLEY 
An easy analysis of cases yields only the following two solutions for the 
set of 1 a, [ and the set of j b, j such that n, # 0. 
Both of these have 
.c,, bm2 = 21, 
m 
so the values of 1 b, / above are the only ones which occur. However, recall 
that b, = 1 and b, = -1. There must be two values / b, 1 which are 1. This 
contradiction proves the lemma in Case I. 
For Case II, we have t2 < s, t f 1, and t l(p2 - 1). There are no solutions, 
so Case II cannot occur either, as s must be the order of a subgroup of 
SL(2, 11). 
LEMMA 23. We havep # 17. 
Proof. Case I is eliminated by observing that t [(p2 - l), t # 1, t(t - 1)2 < p2, 
and t odd leave only t = 3, so s = 96, while SL(2, 17) has no subgroup 
of order 96. 
Applying the argument of Lemma 22 for Case II, we now find possible 
values for t and s, namely, t = 6 and s = 48. Here N/P is isomorphic to 
$. From Leonard [8], we see that each positive b, is less than or equal to 
some irreducible degree of & , while the corollary to Lemma 1 shows that 
some b, is at least 6. This is a contradiction. 
For p = 13, we may eliminate Case I as in Lemma 23, and Case II as in 
Lemma 24. 
The table given in Section 2 shows that we have now elimintaed all pos- 
sibilities for N/P except SL(2, 5). I n all remaining cases, s = 120 and t is 
uniquely determined by p, for 120s = p2 - 1. In particular, 5 divides either 
p + 1 or p - 1. This eliminates p = 23, so it remains only to consider 
p = 19, 29, and 31. 
LEMMA 24. If Case II holds, we have p = 19. If Cqse I holds, p # 31. 
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Proof. Suppose p = 31, so t = 8. As t is odd in Case I, this possibility 
is eliminated. Thus, say Case II holds. I3y Lemma 1, there is an integer 
aijk < (s - n)/t, and by Lemma 2, we may choose n > 2. Wence, we may 
actually choose a = 8. Now Lemma 1 shows 49 x 64 < s = 120, a contra- 
i&on. The case p = 29 is handled similarly in Case I 
LEMMA 25. We havep # 19. 
F’rooJ. Choose a conjugate ~0 of ): such that 2”~” has Z in its kernel. 
rite 
(x”x”, x0) = (x”, nm,> = (x”, x2> > 0. 
Thus, xux” has an irreducible constituent pn in common with x0 , and 
(9% , x0) > 0. This character is an ordinary character by Lemma 20, and has 
positive b, by Lemma 14. We will show that there is no possibility for 
~~(1) = ep2 + 6, . Note that b, < 10, as bm2 < s = 120, and that e < 8, as 
q&&(l) <x”(l) x”(l) = 9 x 19s. 
Since x is rational on 19-regular elements, it must be that the order of 
is divisible only by primes less than or equal to 19. In fact, if q is a prime 
other than 19, a theorem of Schur tells us that the power to which q occurs in 
j G j is at most 
f 19 1 [ 19 bq - 1 + q(q - 1) + I c 
where square brackets denote the greatest integer function Furthermore, 
Lemma 16 shows that neither 13 nor 17 divide the order of G. 
Calculation shows that no integer of the form 19*e + 6, ) with & an 
es / G j as described. As there is no possible value for y,(l), we 
LEMMA 26. We havep f 29. 
.Pmofn Note that ifp = 29, we must have Case I. We apply the technique 
of Lemma 25 to find the common constituent of x0x” and x0 . ere b < 10 
and e < 13. Further, we look for a common constituent of x0x’ and x0, 
with b < 10 again, and e < 14. Only the following six degrees occur. 
292 + 4 = 845, 
292 + 6 = 847, 
2 x 29s + 8 = 1690, 
11~29~+ 1= 9252, 
11 x 292 + 10 = 9261, 
13 x 292 + 2 = 10935. 
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We claim that 9261 cannot be the degree of an irreducible constituent 
IJJ of X*X’ or x0x”. The restriction 9 / N is of the form at + 8, for some 
positive integer a and some character ~9 with no faithful constituents for m. 
Here 6’ has degree at least 21, but we know that x0x’ 1 N = 0’ + 155, where 0’ 
has degree 15. We get a similar contradiction for x0x”. The same sort of 
argument shows 10935 does not occur for x”x”. 
Now observe that 
(25x0 - 5, 25~s - 5) = 625 x 8 - 50 x 29 x 7 + 292 x 8 = 737. 
We know that for any exceptional fl, we have (LI, x0) = 0, and (A, LJ = rt - 6. 
Thus, since there are t exceptional characters, 
t(rt - sy = 7(7r - S)Z < 737, (7r - S)2 < 106. 
This forces / 7r - 6 1 = 8 or 6, as Y # 0. We can now account for at least 
7 x 62 = 252 out of the norm of 25x,, - 5. Also, q1 and v2 do not occur 
in x0 , and so each account for 49 towards this norm. Hence, we must still 
account for at most 737 - 340 = 387. This will be useful several times in the 
argument. 
Except for exactly five values of m, urn and b, have the same parity. Two 
of these are, of course, m = 1 and 2. The other three are the constituents 
of x2 - x0 . Indeed, the multiplicity of qrn in x2 is of the same parity as in 
xo2, and this is b,t if m # 1,2. Thus, a, and b, have different parity exactly 
when (vm9 x2 - x0) # 0, or m = 1 or 2. We will use this fact often. 
Our third tool is a consequence of the Cauchy-Schwarz inequality. Write 
841 = 292 = i 1 ~,b,)~ 
a,#0 
so that 
= 8 c bm2, 
a,#0 
105 < C bm2. 
a,#0 
We use the above to help show there is no m such that ambn = 1. Such an m 
would imply a contribution of another (25a, - tb,)2 = (25 - 7)2 = 
182 = 324, leaving only 387 - 324 = 63 unaccounted for. For all other m, 
we must have 
(25a, - 7b,)2 < 63, 
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j 25a, - 7bm j < 8. 
or given j a, 1) the value of j 6, j must lie in the range indicated. 
I am I i bm / 
0 I 
1 3 or 4 
2 7 or 8 
Suppose first that no [ a, / = 2. Let a be the number of constituents of x0 
with j b, j = 4, and b the number with / bm j = 3. We have from Lemma 21 
that 
4a + 3b = 28, 
16a + 9b > 105, 
a+ b= 7. 
We find a > 5, but we have seen above that there are at most three values m 
other than 1 and 2 for which a, and 6, have different parity. This provides 
a contradiction. 
Now suppose some j a, / = 2. All other 1 a, 1 are 1. Here we have 
4a + 3b 3 12, 
a+ b= 3, 
forcing a = 3, b = 0. Now we find all constituents of xz - x0 have b, = & 
As this character has degree 0, this cannot happen. This final ~o~trad~ctio~ 
shows that in no case do we have ambm = 1. Hence, by Lemma 14, if b, = -& 1~ 
we have am = 0. In particular, this eliminates 9252 as an irreducible degree 
in x0 . 
We now consider each of the possible pairs of degrees from our list of four 
remaining which can arise from x0x’ or x0x”. Note that these two characters 
have no common constituents by Lemma 9, except possib’ly some exceptionals. 
The object is to try to extend the pair into lists of / a,, / and j b, 1, subject 
to the above, and Lemma 21. The arguments here are similar to those used 
to show no ambm = 1, and to those used for Case I of Lemma 22. In only 
two cases do these arguments not suffice. These can bloth be elimi~ate~ in 
essentially the same way, so we do the harder one. 
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The set to consider is 
8, 5, 4, 2, 2, 1, 1, 
which satisfies all the above conditions. In this case we have rt - 6 = 16. 
The table below allows us to compute certain inner products. For each of the 
above values of b, , we list the absolute values of the multiplicities in the 
indicated generalized characters. Note that although we do not know the signs 
of these multiplicities, they are in each case of the same sign as b, . That is, 
the entries of any row all have the same sign. For x02, we list the sum of the 
multiplicities in x0’ and xi. We know both of these values because we know 
their sum and difference, but, because of the ambiguity of signs, we do not 
know which is which. Our goal is to show that no possible choice of 
multiplicities for x0’ is consistent. 
bm X0 X2 X0= 
8 2 2 21 + 29 
5 1 1 17 + 18 
4 1 0 or 2 14 + 14 or 13 + 15 
2 1 0 or 2 7+7or6+8 
2 1 0 or 2 7+7or6+8 
1 0 0 4+4 
1 0 0 3+3 
The inner products we will check are 
(x,,‘, xi) = 1 + $(p + I)% = 1576, 
(x0), xz) = 1 + +(P + 1) t = 10% 
according to Lemma 7. Note that the inner product with xz is even, so the 
multiplicity in x0’ of the character with b, = f5 must be 18. Suppose first 
that the character with b, = 8 has multiplicity 27 in x0’. Then it is easy to 
see that none of the possible choices of multiplicities for the remaining three 
characters gives the correct inner product with xz . Thus, the character with 
b, = 8 has multiplicity 29 in x,,‘. Now, checking the inner product with xz , 
we find only two possibilities. (see next page.) 
There are many ways to fill in the unknown entries, but none of these 
satisfies (x0’, x0’) = 1576, as is easily checked. Note that here we must also 
consider the contribution 7 x 32 = 63 from the exceptional characters. 
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8 29 29 
5 18 18 
4 15 3 
2 ? 7 
2 ? a 
1 4 4 
1 3 3 
The same method eliminates the set 
8, 5, 3, 3, 2, 1, 1, 1, 1, 
which also occurs. With these arguments, the proof of Theorem 1 is complete. 
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